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Spectrum fitting procedure using a robust peak model 435

A number of lines, logically belonging together, can be
grouped in a multiplet, or peak group, e.g. K˛1, K˛2 or all
the K lines of an element. To describe a (part of a) spectrum,
a number of such peak groups, e.g. for fitting the K-peaks,
the K˛ and Kˇ peak group of each element is required.
The contribution of all those peaks to the observed signal at
channel i can then be written as

y!i, Ejk" D
n∑

jD1

Aj

np!j"∑

kD1

RjkG!i, Ejk" !2"

were Aj is the area of the peak group j and Rjk the relative
intensity of line k in peak group j. The first summation runs
over all n peak groups and the second over all np(j) lines in
peak group j.

Equation (1) implies, that not the position and width
of each peak are fitted individually, but rather that the
energy calibration and resolution calibration parameters are
optimised during the fit, so that each x-ray line fits the right
position in the spectrum with the appropriate width. The
energy calibration relates the energy to the channel number
by the simple linear relation

Ei D Zero C Gain ð i !3"

where Zero is the energy of the first channel in the spectrum.
The width of the peak #jk includes the electronic noise
contribution and the intrinsic detector resolution due to
electron–hole pair production:

#jk D

√(
Noise

2.
p

2. ln 2

)2

C εFanoEjk !4"

where Noise is the electronic noise contribution expressed as
full width at half-maximum (FWHM) in keV, Fano represents
the Fano factor (¾0.1 in Ge) and ε is the average energy to
create a charge carrier pair in the detector (3.6 eV in Ge).
When fitting a spectrum, the four calibration parameters
Zero, Gain, Noise and Fano are optimized. Thus, when fitting
N peak groups using Eqn (2), a total number of N C 4
parameters are required: one for each area and four for the
calibration parameters. A detailed description of the fitting
procedure including aspects about the continuum model
and the Marquardt algorithm used for the non-linear fitting
procedure can be found in the literature.1,2,5,12 By using
a Gaussian function, the implementation of a peak model
in a fit procedure is already facilitated. However, a more
correct approach would take into account the Lorentzian
nature of x-rays. A Lorentz distribution convoluted by
a Gaussian detector response results in a Voigtian peak
shape. Campbell and Wang have pointed out that the
major part of the low-energy tailing can be ascribed to the
Lorentzian component of the actual lineshape and may have
a significant influence on the determination of low-energy
tailing contributions.17

Shelf and tail functions
According to work performed by many authors,3,4,6,14,15 a
more accurate description of the peak shape can be obtained
if for each a shelf (or shelf) and a tail function are included.

A model that would describe then the N groups of peaks can
be written as:

y!i" D
npg∑

jD1

Aj

np!j"∑

kD1

Rjk[G!i, Ejk" C fSS!i, Ejk" C fTT!i, Ejk"] !5"

where S!i, Ejk" and T!i, Ejk" are the normalized shelf and
the tail distribution, respectively. The contributions of the
shelf and the tail with respect to the main Gaussian peak
are given by the shelf fraction fS and the tail fraction fT,
respectively.

The shelf is the result of the convolution of a shelf
function at the peak centroid convoluted with a Gaussian
and can therefore be expressed as

S!i, Ejk" D Gain
2Ejk

erfc

(
Ei # Ejkp

2#jk

)
!6"

The tail distribution is the convolution of an exponential
function with a Gaussian and given by

T!i, Ejk" D Gain
2ˇ#jk

e
Ei#Ejk

ˇ#jk
C 1

2ˇ2 erfc

(
Ei # Ejkp

2#jk
C 1p

2ˇ

)
!7"

with ˇ is the width or slope parameter of the tail function. The
complementary error function, appearing in both equations,
comes from the convolution with the Gaussian and results
in rounded-off edges at the centroid of the peak.

The introduction of the shelf function adds one extra
parameter, the shelf fraction fS, whereas the tail function
requires two parameters: the tail fraction fT and the tail
width ˇ. Since three extra parameters per group of peaks
are introduced, the fitting of N groups of peaks would
require a total of 4N C 4 parameters. Optimizing each of
those parameters in a non-linear least-squares procedure
would be very difficult. For example, fitting the K˛ and
Kˇ peaks of Cr, Fe, Ni in a stainless-steel spectrum would
require a total of 28 parameters, exclusive of any parameters
to describe the continuum. Since the shelf and tail parameters
account for small effects at the base of often large and
strongly overlapping peaks, the chance that they would
converge to a false minimum with physically meaningless
parameter values is high. It is known, however, that the shelf
and tail parameters are dependent on the energy. By using
simple functions describing the relationship between those
parameters and the energy, the number of fitting parameters
can be reduced significantly.

Parameterization of the shelf and tail parameters
Many of the parameterizations proposed in the literature use
similar functions to describe the parameters as a function
of the energy. An exponential function is often used to
model the shelf parameters, while polynomials are mostly
used in the case of the tail parameters. Some of them
are given below. The shelf fraction, tail fraction and tail
width parameterizations are denoted by SF, TF and TW,
respectively.

According to Gardner and Dostner,16 the shelf and tail
parameters deduced for an Si(Li) detector can be modelled

Copyright  2003 John Wiley & Sons, Ltd. X-Ray Spectrom. 2003; 32: 434–441

Shelf 関数 : ステップ関数とガウス関数の畳み込み

Tail 関数 : ガウス関数と指数関数の畳み込み
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A number of lines, logically belonging together, can be
grouped in a multiplet, or peak group, e.g. K˛1, K˛2 or all
the K lines of an element. To describe a (part of a) spectrum,
a number of such peak groups, e.g. for fitting the K-peaks,
the K˛ and Kˇ peak group of each element is required.
The contribution of all those peaks to the observed signal at
channel i can then be written as
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were Aj is the area of the peak group j and Rjk the relative
intensity of line k in peak group j. The first summation runs
over all n peak groups and the second over all np(j) lines in
peak group j.

Equation (1) implies, that not the position and width
of each peak are fitted individually, but rather that the
energy calibration and resolution calibration parameters are
optimised during the fit, so that each x-ray line fits the right
position in the spectrum with the appropriate width. The
energy calibration relates the energy to the channel number
by the simple linear relation

Ei D Zero C Gain ð i !3"

where Zero is the energy of the first channel in the spectrum.
The width of the peak #jk includes the electronic noise
contribution and the intrinsic detector resolution due to
electron–hole pair production:
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where Noise is the electronic noise contribution expressed as
full width at half-maximum (FWHM) in keV, Fano represents
the Fano factor (¾0.1 in Ge) and ε is the average energy to
create a charge carrier pair in the detector (3.6 eV in Ge).
When fitting a spectrum, the four calibration parameters
Zero, Gain, Noise and Fano are optimized. Thus, when fitting
N peak groups using Eqn (2), a total number of N C 4
parameters are required: one for each area and four for the
calibration parameters. A detailed description of the fitting
procedure including aspects about the continuum model
and the Marquardt algorithm used for the non-linear fitting
procedure can be found in the literature.1,2,5,12 By using
a Gaussian function, the implementation of a peak model
in a fit procedure is already facilitated. However, a more
correct approach would take into account the Lorentzian
nature of x-rays. A Lorentz distribution convoluted by
a Gaussian detector response results in a Voigtian peak
shape. Campbell and Wang have pointed out that the
major part of the low-energy tailing can be ascribed to the
Lorentzian component of the actual lineshape and may have
a significant influence on the determination of low-energy
tailing contributions.17

Shelf and tail functions
According to work performed by many authors,3,4,6,14,15 a
more accurate description of the peak shape can be obtained
if for each a shelf (or shelf) and a tail function are included.

A model that would describe then the N groups of peaks can
be written as:

y!i" D
npg∑
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np!j"∑

kD1

Rjk[G!i, Ejk" C fSS!i, Ejk" C fTT!i, Ejk"] !5"

where S!i, Ejk" and T!i, Ejk" are the normalized shelf and
the tail distribution, respectively. The contributions of the
shelf and the tail with respect to the main Gaussian peak
are given by the shelf fraction fS and the tail fraction fT,
respectively.

The shelf is the result of the convolution of a shelf
function at the peak centroid convoluted with a Gaussian
and can therefore be expressed as

S!i, Ejk" D Gain
2Ejk

erfc

(
Ei # Ejkp

2#jk

)
!6"

The tail distribution is the convolution of an exponential
function with a Gaussian and given by

T!i, Ejk" D Gain
2ˇ#jk

e
Ei#Ejk

ˇ#jk
C 1

2ˇ2 erfc

(
Ei # Ejkp

2#jk
C 1p
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)
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with ˇ is the width or slope parameter of the tail function. The
complementary error function, appearing in both equations,
comes from the convolution with the Gaussian and results
in rounded-off edges at the centroid of the peak.

The introduction of the shelf function adds one extra
parameter, the shelf fraction fS, whereas the tail function
requires two parameters: the tail fraction fT and the tail
width ˇ. Since three extra parameters per group of peaks
are introduced, the fitting of N groups of peaks would
require a total of 4N C 4 parameters. Optimizing each of
those parameters in a non-linear least-squares procedure
would be very difficult. For example, fitting the K˛ and
Kˇ peaks of Cr, Fe, Ni in a stainless-steel spectrum would
require a total of 28 parameters, exclusive of any parameters
to describe the continuum. Since the shelf and tail parameters
account for small effects at the base of often large and
strongly overlapping peaks, the chance that they would
converge to a false minimum with physically meaningless
parameter values is high. It is known, however, that the shelf
and tail parameters are dependent on the energy. By using
simple functions describing the relationship between those
parameters and the energy, the number of fitting parameters
can be reduced significantly.

Parameterization of the shelf and tail parameters
Many of the parameterizations proposed in the literature use
similar functions to describe the parameters as a function
of the energy. An exponential function is often used to
model the shelf parameters, while polynomials are mostly
used in the case of the tail parameters. Some of them
are given below. The shelf fraction, tail fraction and tail
width parameterizations are denoted by SF, TF and TW,
respectively.

According to Gardner and Dostner,16 the shelf and tail
parameters deduced for an Si(Li) detector can be modelled

Copyright  2003 John Wiley & Sons, Ltd. X-Ray Spectrom. 2003; 32: 434–441
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メインピーク 検出器応答 パイルアップ効果 コンプトン散乱効果 BG
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8パラメータ決定
4 Energy dependence of the SDD energy resolution

The energy dependence of the SDD energy resolution was estimated by assuming that
the energy resolution is given by

∆E(FWHM) = 2.35ω

√

W 2
N +

FE

ω
(1)

where the WN denotes the contribution of noise to the resolution (independent of the x-ray
energy), E is the x-ray energy, F is the Fano factor (∼0.12 for Si), and ω is the average
energy for electron-hole creation in silicon (w = 3.62 eV (at 300K), 3.81 eV (at 77K)). In
this analysis, ω is fixed to be 3.81 since the temperatures of our SDDs were kept nitrogen
temperature during E570. The F and WN

(i) were introduced as free fit-parameters in the
fit of the self-triggered-event spectra.

(i)In the all fits of this analysis, the constant noise ∆v = WN ·ω (ω = 3.81) is used as a fitting parameter
instead of WN .

7

セルフトリガーイベントのスペクトルフィット
‣検出器の応答関数
‣エネルギー依存の検出器分解能　等



メインピーク 検出器応答 パイルアップ効果 コンプトン散乱効果 BG
Voigt Tail＋Shelf Gauss Tail 2次
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フィットパラメータ
メインピーク BG
Voigt 2次

関数area mean σ Γ
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 K-4He X線 4つの遷移エネルギーと収量
 自然幅
 バックグラウンド
 特性X線の収量

14フリーパラメータ



Fit 結果
cycle 1

cycle 2

Cycle 1 : 2005年10月 (520時間)
Cycle 2 : 2005年12月 (260時間)

データの±2σライン
(σ:計数統計)

フィットのresiduals



遷移エネルギー
測定値 [eV] (統計誤差のみ) EM計算値 [eV]

3d→2p 6467.0 ± 2.5 6463.5

4d→2p 8723.5 ± 4.6 8721.7

5d→2p 9761.4 ± 7.6 9766.8

  EM計算 :  T. Koike, Private communication
   - Vacuum polarization
   - Nuclear finite size effect
   - Relativistic recoil effect
   - Electron screening effect
   - Totally corrected energy levels  を考慮。
 cf.   J.P. Santos et al. Phys. Rev. A71, 032501 (2005)

これまで印刷公表された
K-He原子レベルのEM計算値は、
0.1eVの桁まで記されていない



2p レベルシフトの導出

∆E2p = (E(n,d) − E(2,p))− (EEM
(n,d) − EEM

(2,p))

主量子数 ｎ > 2 のエネルギー準位の
強相互作用シフトが無視できると仮定：

2p

3d

2p (only Coulomb)
ΔE2p

Γ2p

強相互作用による
影響は無視できる 4d

5d
：

強相互作用
による影響



2p レベルシフトの導出

∆E2p = (E(n,d) − E(2,p))− (EEM
(n,d) − EEM

(2,p))

主量子数 ｎ > 2 のエネルギー準位の
強相互作用シフトが無視できると仮定：

全遷移エネルギーを用い 2pレベルシフトを導出：

ΔE2p =  2 ± 2 (stat) eV
測定値 [eV] EM計算値 [eV]

3d→2p 6467.0 ± 2.5 6463.5

4d→2p 8723.5 ± 4.6 8721.7

5d→2p 9761.4 ± 7.6 9766.8

注) K中間子質量の誤差起因のEM計算値の誤差は、非常に小さい
　現在のPDG値 493.677(16) MeV/c2  の1σのずれは、ΔE2pの約0.2eVずれに相当

2p

3d

2p (only Coulomb)
ΔE2p

Γ2p

強相互作用による
影響は無視できる 4d

5d
：

強相互作用
による影響
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系統誤差
LECS(Low Energy Compton Scattering)パッケージ：
‣(束縛)コンプトン・レイリー散乱の4Heに対する断面積の誤差は数％

± 5 ％の収量変化 ＝ ~ ± 0.4 eVの変化

コンプトン散乱効果

メインピークに対する収量(Gain)比：
‣  セルフトリガーのフィットから導出
‣  中心値はTi・Niの特性X線ピークに対して共通として求める
‣  エネルギー依存性や、tail関数のみを導入した場合等を考慮

~ ± 1 eVの変化

検出器応答関数 (tail・shelf関数)

パイルアップ収量比の誤差：
‣FADC解析におけるパイルアップイベント選別の誤差から±10％

± 10 ％の収量変化 ＝ ~ ± 0.4 eVの変化

パイルアップの効果



最終結果

全遷移エネルギーを用い、

3d->2p 遷移エネルギー :  6467 ± 3 (stat) ± 2 (syst) eV

2pレベルシフト ΔE2p :  2 ± 2 (stat) ± 2 (syst)  eV
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✓AK05 : Coupled-channel モデル
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AK05 : Y.Akaishi, EXA05 proceedings (2005).
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Abstract

We have measured the Balmer-series x-rays of kaonic 4He atoms using novel large-area silicon drift x-ray detectors in order to study the
low-energy K̄-nucleus strong interaction. The energy of the 3d → 2p transition was determined to be 6467 ± 3(stat) ± 2(syst) eV. The resulting
strong-interaction energy-level shift is in agreement with theoretical calculations, thus eliminating a long-standing discrepancy between theory
and experiment.
 2007 Elsevier B.V. All rights reserved.

PACS: 13.75.Jz; 25.80.Nv; 36.10.Gv

Keywords: Kaonic atom; X-ray spectroscopy; Silicon drift detector

1. Introduction

The measurement of the strong-interaction energy-level shift
and width of kaonic atom x-rays offers a unique possibility to
precisely determine the K̄-nucleus strong interaction in the low
energy limit. Therefore many experiments have been performed
to collect data on a variety of targets from hydrogen to uranium.

* Corresponding author.
E-mail address: sokada@riken.jp (S. Okada).

1 Present address: RIKEN Nishina Center, RIKEN, Saitama 351-0198, Japan.

It has been known that most of the available kaonic-atom data
can be fitted fairly well for Z ! 2 by optical-potential models
[1] with the exception of kaonic helium and oxygen.

The strong-interaction shift of the 2p level !E2p for kaonic
4He has been previously measured in three experiments. Note
that !E2p is defined as !E2p ≡ −(E(2,p) − EEM

(2,p)), where
E(n,l) is the energy of the level with principal quantum number
n and the orbital angular momentum l, and EEM

(n,l) is the energy
calculated using only the electromagnetic interaction (EM). The
average of the three previous results gives !E2p = −43 ± 8 eV
[2–4], while most of the theoretical calculations give !E2p ∼
0 eV [5–7] (e.g. !E2p = −0.13 ± 0.02 eV [5]). They disagree

0370-2693/$ – see front matter  2007 Elsevier B.V. All rights reserved.
doi:10.1016/j.physletb.2007.08.032
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まとめ
K中間子ヘリウム4原子X線を測定

高分解能 : 190 eV @ 6.5keV  (SDD使用)

高S/N比 : 静止Kーイベント選定

高精度エネルギー較正 : 特性X線(Ti, Ni)を用いた in-situ エネルギー較正

3d→2p遷移エネルギー : 6467 ± 3(stat) ± 2(syst) eV

2pエネルギーシフト : 2 ± 2 (stat) ± 2 (syst) eV

「K中間子ヘリウムパズル」に終止符
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過去の実験との比較
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本実験以前に行われた
最新のK-4He X線測定: Baird et al.
ーNucl. Phys. A392 (1983) 297ー

3d→2p

Energy [eV]

エネルギー分解能 2倍
統計 3倍

S / N 比 6倍

本実験(E570)
の全統計



cycle 1 cycle 2

コンプトン散乱効果 14 %

検出器応答関数 (tail&shelf) 4 % 3 %

パイルアップの効果 11 % 6 %

メインピーク以外からの寄与

cycle 2のスペクトル5             6 [keV]

K-4He X-ray
3d -> 2p

メインピークに対する収量比
Main peak

Other effect

メインピーク




